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The analog simuIation of problems of energy and mass transfer on two 
RC networks with various boundary conditions is described, Solutions 
are presented for one- and two-dimensional problems, together with 
a solution for contact problems. 

The analyt ic  solut ion of p r o b l e m s  of energy  and 
m a s s  t r a n s f e r  with complex in i t ia l  and boundary  con-  
di t ions  often p r e s e n t s  i n supe rab le  ma thema t i ca l  dif-  
f i cu l t i es ,  s ince  these  p rob lems  reduce  to ma thema t i ca l  
mode ls ,  involving complex s e c o n d - o r d e r  pa r t i a l  dif-  
f e r en t i a l  equat ions of pa rabo l i c  type. These  equat ions ,  
together  with boundary  condi t ions  of va r ious  kinds ,  
have been solved for c e r t a i n  impor tan t  p a r t i c u l a r  cases  
by A. V. Luikov and his school [1]. 

The p r e s e n t  a r t i c l e  is devoted to the e l e c t r i c a l  
analog s imula t ion  of d i f fe rent ia l  equat ions of energy  
and m a s s  t r a n s f e r  of the type 

__Or = aqv2 [ + 8rc m O0 

O~ cq O~ 

O0 
- -  = a ~  V ~ 0 + a~  80 v 2 t  (1)  
O, 

analog of the t e m p e r a t u r e  t; on network I I - I I  the voltage 
w, the analog of the m a s s  t r a n s f e r  potent ia l  0. If we 
wri te  Eqs.  (1) in  d i m e n s i o n l e s s  coord ina tes  [3], the 
sys t em takes the fo rm 

OT 0 0 
OFo = V~T + Ko* OF~' 

0 0  
- -  Lu V 20 + Lu Pn V 2 T. (2) 

0 Fo 

The r e s i s t a n c e s  R 1 and R 2 and the capac i tances  C, 
C1, and C 2 were  se lec ted  so as to e n s u r e  the equal i ty  of 
the F o u r i e r ,  Luikov, Kossovich,  and Posnov n u m b e r s :  

Ell  = a m 

Fo = ~q $ ~e 
l ~ R I (CI+C) I~  ' 

R I ( C I + C )  
- -  ) 

aq R~ (C~ + C) [1- -  C~/(C1 + C) (C~ + C)I 

KO $ = E TC m O*/Cqt $ = C w * / ( C 1  ~ -  C) ~)*, 

Pn = 60 t*/O* = CR~v*/(C1 + C) Rlw*. (3) 

us ing  RC networks .  
The e l ec t r i ca l  model  was cons t ruc ted  on the ba s i s  

of the MN-7 analog computer .  
w We f i r s t  p r e sen t  the solut ion of the o n e - d i m e n -  

s ional  p rob lem.  The e l e c t r i c a l  c i r cu i t  is shown in 
Fig.  1. On network I - I  we m e a s u r e d  the voltage v, the 

The boundary  condit ions are  as fol lows:  at the 
lower edge of the model  

v = v * = c o n s t ,  O--~-w=0 
Ox 

I U (9 

�9 -t 
, ~ 3 ~ I ~ / i  I ~  i s  ~ =****"=- 

R, t $8, o.~ ~8 /.2 le  Fo 

Fig.  1. C i rcu i t  of e l ec t r i c a l  model  and graphs  of T and | vs .  Fo at 
va r ious  points  of the med ium in the o n e - d i m e n s i o n a l  p rob lem.  
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T(0; F o ) = l ,  00(0;  F o ) = 0  ) (4) 
, ON ' 

at the upper  edge of the model  

w = w * = c o n s t ,  ~-" - - 0  
Ox 

O(1; F o ) = - - l ,  0T(1; Fo) _ 0 ) .  (5) 
ON 

The in i t ia l  condi t ions  a re  

T(X; 0 ) = 0 ,  O(X; 0 ) = 0 ,  (6) 

which co r r e sponds  to zero charge  on all the capac i to r  
p la tes .  The expe r imen t  was c a r r i e d  out by supplying 
an e l ec t r i c  potent ia l  v* = 100 V to the point  A 1 and a 
potent ial  w* = - 1 0 0  V to the point B 2 at t ime  7 e = 0. 
The t ime  dependence of the r e l a t ive  t e m p e r a t u r e  T 
and the m a s s  t r a n s f e r  potent ia l  @ is shown in Fig.  1 
for  va r ious  points  of the med ium:  the e l ec t r i c  po ten-  
t ial  v =f(~-e ), s imu la t ing  the t e m p e r a t u r e  T, was 
m e a s u r e d  at points 1, 3, 5, and 8 of network I-I ,  and 
w = f(~-e ), s imu la t ing  the m a s s  t r a n s f e r  potent ia l ,  was 
m e a s u r e d  at points  9, 11, 13, and 16 of network II-II .  
It is c l ea r  f rom the graph O = f (Fo )  that all the cu rves  
asympto t ica l ly  approach O = - 1 ,  while all  the T = 
= f ( F o )  cu rves  a sympto t i ca l ly  approach T = 1. The 
c lo se r  the point of network I - I  to the boundary  point 
A t , the m o r e  rap id  the t r a n s i e n t  p roce s s  and, con-  
ve r se ly ,  the c l o s e r  the point of network I I - I I  to the 
point B t, the m o r e  prolonged the t r a n s i e n t  p r o c e s s .  

We will  cons ide r  the va r i a t ion  of O = f ( F o )  at point 
9. At f i r s t ,  the potent ia l  O i n c r e a s e s ,  r each ing  a 
m a x i m u m  at Fo = 0.15, although a negat ive  potent ia l  
O = - 1  was connected at the boundary  of ne twork  II-II .  
This  behavior  of the curve  is a t t r ibu tab le  to the fact 
that at the co r r e spond ing  point  1 of network I - I  the 
der iva t ive  0 T / 0 F o  takes  a l a rge  va lue ,  and s ince  in 
the neighborhood of point  9 at sma l l  Fo, V2| is r e l a -  
t ively  sma l l  as a r e s u l t  of the r e m o t e n e s s  of point  9 
f rom point  B 2 (where @ = - 1 ) ,  at sma l l  Fo the d e r i v -  
ative 0 0 / 0 F o  takes pos i t ive  va lues .  If V2| were  
equal  to zero,  then 

0 0 Lu Pn OT 

O Fo 1 + LuPn Ko* O Fo ' 

which follows f rom Eqs. (2). 
At Fo > 0.15 the effect of dv/d~-e, t r a n s m i t t e d  

through capac i to rs  C f rom network I - I  to network 
II-II ,  becomes  l e s s  than the effect of the d e c r e a s e  of 
potent ial  due to the boundary  condi t ions  at point  B 2. 
Norma l ly  this  eo r r e sponds  to a change in  the m a s s  
t r a n s f e r  potent ia l  due to t h e r m a l  diffusion.  S imi l a r  
p r o c e s s e s  take p lace  at point 8 of network I-I ,  but 
here ,  at sma l l  Fo, the " t e m p e r a t u r e "  d e c r e a s e s  ow- 
ing to the expendi ture  of a c e r t a i n  amount of t h e r m a l  
energy  on phase t r a n s i t i o n s .  

w In o rde r  to check the expe r imen ta l  r e su l t s  we 
solved the boundary  value p rob l em ana ly t ica l ly  by 
means  of a Laplace t r a n s f o r m a t i o n  of (2) with r e spec t  
to the va r i ab le  Fo. 

The t r a n s f o r m s  were  found by solving a sys tem of 
o r d i n a r y  d i f ferent ia l  equations in the va r i ab le  X, af ter  
which the i nve r se  t r a n s f o r m s  T and O were  de te rmined  
by means  of the expans ion  theorem.  After c a r r y i n g  
out the n e c e s s a r y  ca lcu la t ions ,  we obtained the r e su l t s  
in the fo rm of rapid ly  converg ing  s e r i e s .  At the values  
Ko* = 0.333, Pn  = 0.666, and Lu = 0.321, c o r r e s p o n d -  
ing to the expe r imen t  desc r ibed  above, we obtained 
the following f inal  answer :  

T(1; Fo)=  

= 1--0.1264exp (--0.73Fo) --- 1.293exp (--2.52Fo) + 

+ 0.0812exp (--  6.91Fo), 

o (o; Fo) = 

-- 1 + 1.555exp (--0.73Fo) - -  0.3148exp (--2.52Fo) - -  

--0.1878exp (--6.91Fo). 

F r o m  these fo rmu la s  we ca lcula ted  the values  of T 
and $ for  Fo = 0.1, 0 .3 ,  0.5, and 1.0 (see Fig.  1). A 
c o m p a r i s o n  of the expe r imen ta l  r e su l t s  and the ana -  
lyt ic ca lcu la t ion  gave v e r y  good ag reemen t .  

w We now p r e s e n t  the r e su l t s  of an analog s i m u -  
la t ion of the two-d imens iona l  p rob lem.  

The R1C1, R2C2, and C ne tworks ,  cons i s t ing  of 52 
cel ls  each, were  mounted  on three  textol i te  boards .  
The co r r e spond ing  nodes of networks  I and II and 
capac i to rs  C were  connected by means  of p lug- type  
connec to rs .  The model  was s q u a r e - s h a p e d  with a 
r ec t angu la r  notch cut out at one c o r n e r  (see Fig.  2). 

One s e r i e s  of expe r imen t s  cons i s ted  in the sudden 
supplying of a cons tant  e l ec t r i c  potent ia l  v* = 100 V 
at the boundary  AtB 1 of network I - I  and a potent ia l  
w* = - 1 0 0  V at the boundary  A2B 2 of network II-II  
with zero  in i t ia l  condi t ions .  As the c h a r a c t e r i s t i c  
d imens ion  we took the d is tance  between points  A t and 
E t (the length of eight cel ls) .  The c r i t e r i a  Ko* = 0.285, 
Pn  = 0.571, Lu = 0.3065 co r re sponded  to the e l ec t r i ca l  
network p a r a m e t e r s  R 1 = 180 k~2; R 2 = 360 k~;  C i = 
= 0.25- 82 = 1 6 # F ;  C 2 = 0.5.82 = 3 2 # F ;  C = 0.1.82 = 
= 6.4 #F ,  

Fo--  "~e ~e 
R1 (C + C1) 4.03 

where  7 e is the t ime  of the t r a n s i e n t  p r o c e s s  on the 
e l ec t r i c a l  model ,  sec.  

The graphs of the d i m e n s i o n l e s s  T and @ v e r s u s  
Fo at va r ious  points  of the model  are  s i m i l a r  in cha r -  
ac te r  to the graphs in Fig.  1. The d i s t r ibu t ion  of T 
and O in the two-d imens iona l  reg ion  at Fo = 0.5 is p r e -  
sented in Fig.  2. Curves  of the fami ly  T = const  and 
@ = const  make it poss ib le  to cons t ruc t  the heat and 
m a s s  flow l ines .  The g rea tes t  va lues  of the t e m p e r a -  
tu re  m a s s  t r a n s f e r  potent ia l  g rad ien t s  were  observed  
at the ins tan t  indicated in the neighborhood of point  D. 
It is c l ea r  f rom Fig.  2 that on pa r t  of the a r ea  the 
potent ia l  O a s sumed  pos i t ive  values  owing to t he rma l  
diffusion.  In solving two-d imens iona l  p rob l ems  of 
energy  and m a s s  t r a n s f e r  it is poss ib le  to use the ne t -  
works  of exis t ing  e l e c t r o - i n t e g r a t o r s .  
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Fig. 2. D i s t r ibu t ion  of potent ia ls  T and | at the 
m o m e n t  Fo = 0.5 in the two-d imens iona l  p rob lem.  

w By us ing an e l ec t r i c a l  model  it is poss ib le  to 
find s impl i f ied  fo rmulas  for d e t e r m i n i n g  the potent ia l s  
T and | for  va r ious  p rob l ems .  As an example ,  we 
p r e s e n t  an approximate  fo rmula ,  in de r iv ing  which it 
is a s sumed  that the d i s t r ibu ted  r e s i s t a n c e s  and capac i -  
tances  in networks  I and II and the i n t e rmed ia t e  ne t -  
works a re  replaced by lumped e l emen t s .  This  a s s u m p -  
t ion is useful  in s tudying the p r o c e s s e s  in th in -wa l l ed  
p a r t s ,  and also at smal l  Biot n u m b e r s  Biq and Bi m, 
when the coeff icients  C~q and a m can be a s sumed  
constant  and when the r e g u l a r  r e g i m e  rap id ly  se ts  in. 

We will cons ide r  the p roce s s  of heat and m a s s  
t r a n s f e r  in an inf ini te  plate with in i t ia l  condi t ions  
T(X; 0) = $(X; 0) = 0 a n d  boundary  condit ions 

0T(1; Fo) ~_ Biq[T(1; Fo)-- l ]  = 0, 
OX 

0 8 (1; Fo) + Bira [@ (1; Fo) --. 1] = 0. 
OX 

Boundary condit ions of the th i rd  kind were  s imula t ed  
by connect ing addi t ional  r e s i s t a n c e s  Rbl and Rb2 at 
the su r face  of the model ,  such that Biq = Rl/e/Rb2 , 
Bim = R2/c/Rb 2 (le is taken equal to 1). Solving the 
d i f ferent ia l  equat ions in the potent ia l s  T and | at the 
cen te r  of the board  by an opera t ional  method,  we 
obtain the fo rmu la s  

T = 1-- b,~si-t- L u ( I +  Ko*) exp(siFo)-- 
b,~ (sl - -  s,) 

bms~ -k Lu (1 + Ko*) 

bm (s, - -  s,) 
exp (s2 Fo), 

0 = - -1+ l+sibq -k LuPn( l+Ko*)  exp(siFo) -k- 
bq (si - -  s,) 

§ 1 -}- slbq -~ Lu Pn (1 + Ko*__) exp (s~ Fo), 
bq (s, - -  si) 

1 1 
bq=l-]-~i 7, b m :l+~-~m, ~= PnKo*+(I/Lu), 

Lu ~) v Z  {bq _ ~ \  ~ 4bq ] 

w Analog s imu la t ion  can be used to solve so -ca l l ed  
contact  p r o b l e m s ,  i . e . ,  p r o b l e m s  with d iscont inuous  
in i t ia l  condi t ions .  Phys ica l ly ,  this  m e a n s  the contact  

of tWO media  along a c e r t a i n  boundary .  At t ime  "r = 0, 
when contact  occurs ,  the fluxes Ja and Jm a t the  contact  
points  are  inf in i te ly  l a rge ,  but even af ter  a ve ry  shor t  
in te rva l  of t ime  both the t e m p e r a t u r e s  and the m a s s  
t r a n s f e r  potent ia ls  in the contact  zone are  equal ized 
and at ~ > 0 the f luxes va ry  cont inuously .  Analyt ic  
solut ions  have been  publ i shed  for c e r t a i n  specia l  cases  
of contact  p r o b l e m s ,  but even in the s i m p l e s t  cases  the 
solut ion leads  to c u m b e r s o m e  ca lcu la t ions ,  while for 
complex Configurat ions and a r b i t r a r y  t e m p e r a t u r e  
and m a s s  d i s t r ibu t ions  an analyt ic  solut ion is genera l ly  
imposs ib le .  The re fo re  in our  case  we decided to solve 
contact  p r o b l e m s  by analog s imula t ion .  

We will  cons ide r ,  as an example ,  the solut ion of 
a one - d i me ns i ona l  contact  p rob lem.  Let there  be tWo 
inf ini te  porous  pla tes  of ident ica l  th ickness  I = 1 with 
Ko* = 0.333, Lu = 1.025, Pn  = 0.182. 

The in i t ia l  values  of T and O for  the f i r s t  plate are  
given by T10 = 1, | 0 = - 1 ,  and for the second by T20 = 
= 0, | = 0. At the boundary  DE of the f i r s t  plate 
the t e m p e r a t u r e  and m a s s  t r a n s f e r  potent ia l  a re  kept 
cons tan t :  T(0; Fo) = 1 and | Fo) = - 1 .  At the s u r -  
face AB of the second pla te  we have 

O r _ o  ' o_2o =o. 
a X  OX 

Let these  two p la tes  be brought  into close contact  
at the ins tan t  T = 0. It is r equ i r ed  to find the sub-  
sequent  behavior  of the funct ions  TWo) and @(Fo) at 
va r ious  points  wi thin  the th ickness  of the plate.  

The network of the e l e c t r i c a l  model  used to solve 
this p rob lem is shown in Fig.  3. To points  D and E 
we supplied cons tant  vol tages  v* = 100 V and w* = 
= - 1 0 0  V. At the momen t  Fo = 0 the contacts  K 1 and 
K 2 a re  s imu l t aneous ly  c losed.  The lumped network 
p a r a m e t e r s  are  equal  to: R 1 = 110 k~2, R 2 = 105 k~2, 
C =0 .25  /~F, C 1 = 0 . 5 / z F ,  C 2 = l . 0 t l F .  If ~ ' e i s m e a -  
su red  in seconds ,  then 

~. 1000 
F O  . -  (C~ + C) R~t~. 64 

E 0 

q I! i  
"~ 11 t' a4 

8 o 2 3 ~Fo 

Fig.  3. Ci rcu i t  of e l ec t r i c a l  model  and graphs 
showing the va r i a t ion  of the p a r a m e t e r s  T, | = 
= f ( F o )  for  va r ious  points  of the med ium in a 

contact  p rob lem.  
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The coef f i c ien t  64 in the d e n o m i n a t o r  shows that  
t h e r e  a r e  8 lumped  c a p a c i t o r s  and r e s i s t o r s  p e r  unit 
length of the mode l .  

Graphs  showing the v a r i a t i o n  of the r e l a t i v e  t e m -  
p e r a t u r e  T at poin ts  2, 7, 2a, and 7a and the po t en -  
t i a l  @ at poin ts  10, 15, 10a, and 15a a r e  p r e s e n t e d  in F ig .  3. 

w These  m o d e l s  can a l so  be used  to so lve  p r o b -  
l e m s  with bounda ry  condi t ions  of the  second  kind,  
which a r e  of v e r y  g r e a t  p r a c t i c a l  i m p o r t a n c e .  F o r  
th is  p u r p o s e ,  to each  poin t  of the mode l  s imu la t i ng  
the s u r f a c e  of the m e d i u m  it  is  n e c e s s a r y  to supply  
c e r t a i n  c u r r e n t s  I l and I 2 f r o m  h igh -vo l t age  (v c and 
Wc) p o t e n t i o m e t e r s  a c r o s s  su f f i c ien t ly  l a r g e  r e s i s -  
t ances  Rbj and Rb2. In th is  way the n o r m a l  d e r i v -  
a t ives  ~T/3N and O| which depend on the s u r f a c e  
c o o r d i n a t e s ,  a r e  spec i f i ed  at  the b o u n d a r i e s  of ne t -  
w o r k s  I and It. 

If the c r i t e r i a  Kiq and Ki m depend  on the po t e n t i a l s  
T and | at the s u r f a c e  of the  mode l  and on Fo ,  then by 
means  of a s y s t e m  of a m p l i f i e r s  it  is  p o s s i b l e  to con-  
s t r u c t  a c i r c u i t  in which  the vo l t ages  v c and w c depend 
in a c e r t a i n  way on the a b o v e - m e n t i o n e d  quan t i t i e s .  

NOTATION 
"r is  the t ime;  aq is  the t h e r m a l  diffusivi ty;  e is  

the r a t i o  of the change of m a s s  due to phase  t r a n s f o r -  
ma t ion  in the ne ighborhood  of some  point  to the to ta l  
change of m a s s ;  r is  the spec i f i c  hea t  of phase  t r a n s i -  
tion; c m is the i s o t h e r m a l  m a s s  capac i ty ;  Cq is the 
hea t  capac i ty ;  a m is the m a s s  d i f fus iv i ty ;  60 is  the 
t h e r m a l  g r ad i en t  coef f ic ient ;  l is  the c h a r a c t e r i s t i c  
l i n e a r  d imens ion ;  t*, | a r e  c e r t a i n  spec i f i c  t e m p e r a -  
tu re  and m a s s  t r a n s f e r  po ten t ia l  d rops ;  -r e is  the m o d e l  
t i m e .  
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